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In this paper, we give a set of sufficient conditions for the normalized form of the
generalized Bessel function to be univalent in the open unit disk, and further we obtain
certain inequalities containing normalized Bessel functions.
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1. Introduction
Let U = {z ∈ C : |z| < 1} be the open unit disk. The generalized Bessel function of first kind w = Jν,c, ν ∈ R, c ∈ C, is
defined as the particular solution of the second-order linear homogeneous differential equation
z2w′′(z)+ zw′(z)+ (cz2 − ν2)w(z) = 0 (1.1)
which is a natural generalization of Bessel equation. This function has the familiar representation
w(z) = Jν,c(z) =
∞−
n=0
(−1)ncn
n!Γ (ν + n+ 1) (z/2)
2n+ν, z ∈ C. (1.2)
The differential equation (1.1) permits the study of Bessel andmodified Bessel functions all together. It is worth mentioning
that, in particular, when c = 1, we obtain the Bessel function Jν,1 = Jν , and for c = −1, the function Jν,−1 becomes the
modified Bessel function Iν .
We consider the function Kν,c : U→ C, which is defined by the following transformation [1,2]:
Kν,c(z) = 2νΓ (ν + 1)z1−ν/2Jν,c

z
1
2

(ν ≠ −1,−2, . . .). (1.3)
By using the well-known Pochhammer (or Appell) symbol, defined for a ≠ −1,−2, . . . , by
(a)n = Γ (a+ n)
Γ (a)
= a(a+ 1) · · · (a+ n+ 1), n ≥ 1, and (a)0 = 1,
we obtain the following representation for the function Kν,c(z):
Kν,c(z) =
∞−
n=0
(−c/4)n
(ν + 1)n
zn+1
n! , (z ∈ U; ν ≠ −1,−2, . . .). (1.4)
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We also observe that the function Kν,c(z) satisfies the following identity:
zK ′ν+1,c(z) = (ν + 1)Kν,c(z)− νKν+1,c(z). (1.5)
Next we define a classΦ of complex functions.
Definition 1. LetΦ be the set of complex valued functions
φ(r, s, t) : C3 → C
satisfying each of the following conditions:
(i) φ(r, s, t) is continuous in a domain D ⊂ C3;
(ii) (0, 0, 0) ∈ D; and |φ(0, 0, 0)| < 1;
(iii)
φ eiθ , ν+k−1ν eiθ , (ν−1)(ν+2k−2)eiθ+Lν(ν−1)  > 1;
when ν ≠ 0, 1 and
eiθ ,
ν + k− 1
ν
eiθ ,
(ν − 1)(ν + 2k− 2)eiθ + L
ν(ν − 1)

∈ D
with
ℜ(e−iθL) ≥ k(k− 1) (θ ∈ R; k ≥ 1).
To prove our main result, we will need the following lemmas.
Lemma 1 ([3,4]). Let the (non-constant) functionw(z) be analytic in U with
w(0) = 0 w(z) ≠ 0 (z ∈ U). (1.6)
If |w(z)| attains its maximum value on the circle |z| = r < 1 at a point z0 ∈ U, then
z0w′(z0) = kw(z0) (1.7)
and
ℜ

1+ z0w
′′(z0)
w′(z0)

≥ k, (1.8)
where k is a real number and k ≥ 1.
Lemma 2 ([5]). If an analytic function f has the form f (z) = z + a2z2 + a3z3 + · · · , z ∈ U, and satisfies the condition z2f ′(z)f 2(z) − 1
 < 1,
then f is univalent in U.
Lemma 3 ([6]). Let β be the complex number,ℜ(β) > 0, andα be a complex number, |α| ≤ 1, α ≠ −1 and h(z) = z+a2z2+· · ·
a regular function on U. Ifα|z|2β + (1− |z|2β) zh′′(z)βh′(z)
 ≤ 1
for all the z ∈ U, then the function
Fβ(z) =

β
∫ z
0
tβ−1h′(t) dt
 1
β
= z + 2a2
β + 1 z
2 +

3a3
β + 2 +
2β(1− β)a22
(β + 1)2

z3 + · · ·
is regular and univalent in U.
In the present paper, we obtain certain sufficient conditions for the univalence and inequalities of the normalized Bessel
functions (1.4).
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2. Main results
By using Lemmas 1 and 2, we first prove the following theorem.
Theorem 1. Let ν ≠ −1,−2,−3, . . . and c ∈ C. If Kν,c satisfies any one of the following inequalities: z2K ′ν,c(z)(Kν,c(z))2

(zKν,c(z))′′
K ′ν,c(z)
− 2zK
′
ν,c(z)
Kν,c(z)
 < 1 (z ∈ U), (2.1) (Kν,c(z))2z2K ′ν,c(z)

(zKν,c(z))′′
K ′ν,c(z)
− 2zK
′
ν,c(z)
Kν,c(z)
 < 14 (z ∈ U), (2.2)
(zKν,c (z))′′
K ′ν,c (z) −
2zK ′ν,c (z)
Kν,c (z)
z2K ′ν,c (z)
(Kν,c (z))2
− 1
 < 12 (z ∈ U), (2.3)
ℜ
 z2K ′ν,c(z)(Kν,c(z))2
 (zKν,c (z))′′K ′ν,c (z) − 2zK ′ν,c (z)Kν,c (z)
z2K ′ν,c (z)
(Kν,c (z))2
− 1
 < 1 (z ∈ U), (2.4)
then Kν,c is univalent in U.
Proof. Define a functionw(z) by
z2K ′ν,c(z)
(Kν,c(z))2
= 1+ w(z) (z ∈ U). (2.5)
Then it follows from (1.4) thatw(z) is analytic in U andw(0) = 0. Differentiation from (2.5) gives
(zKν,c(z))′′
K ′ν,c(z)
− 2zK
′
ν,c(z)
Kν,c(z)
= zw
′(z)
1+ w(z) . (2.6)
Hence from (2.5) and (2.6), we have
F1(z) =
z2K ′ν,c(z)
(Kν,c(z))2

(zKν,c(z))′′
K ′ν,c(z)
− 2zK
′
ν,c(z)
Kν,c(z)

= zw′(z), (2.7)
F2(z) = (Kν,c(z))
2
z2K ′ν,c(z)

(zKν,c(z))′′
K ′ν,c(z)
− 2zK
′
ν,c(z)
Kν,c(z)

= zw
′(z)
(1+ w(z))2 , (2.8)
F3(z) =
(zKν,c (z))′′
K ′ν,c (z) −
2zK ′ν,c (z)
Kν,c (z)
z2K ′ν,c (z)
(Kν,c (z))2
− 1
= zw
′(z)
w(z)
1
1+ w(z) , (2.9)
F4(z) =
z2K ′ν,c(z)
(Kν,c(z))2
 (zKν,c (z))′′K ′ν,c (z) − 2zK ′ν,c (z)Kν,c (z)
z2K ′ν,c (z)
(Kν,c (z))2
− 1
 = zw′(z)
w(z)
. (2.10)
Now suppose that there exist z0 ∈ U such that
max
|z|<|z0|
|w(z)| = |w(z0)| = 1,
then from Lemma 1, we have (1.7). Therefore, lettingw(z0) = eiθ in each of (2.7)–(2.10), we obtain that
|F1(z0)| = |z0w′(z0)| = |keiθ | ≥ 1, (2.11)
|F2(z0)| =
 z0w′(z0)(1+ w(z0))2
 = k|1+ eiθ |2 ≥ 14 , (2.12)
|F3(z0)| =
 z0w′(z0)w(z0) 11+ w(z0)
 = k|1+ eiθ | ≥ 12 , (2.13)
ℜ{F4(z0)} = ℜ

z0w′(z0)
w(z0)

= k ≥ 1, (2.14)
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which contradict our assumption (2.1)–(2.4), respectively. Therefore, |w(z)| < 1 holds true for all z ∈ U, then from (2.5),
we have z2K ′ν,c(z)(Kν,c(z))2 − 1
 = |w(z)| < 1 (z ∈ U),
which in view of Lemma 2, shows that Kν,c(z) is univalent in U. This proves Theorem 1. 
Remark. We observe here that the results of Theorem 1, can also be obtained by setting
an = (−c/4)
n
(ν + 1)nn! (ν ∈ R, c ∈ C, n ∈ N),
in the known results due to [7, p. 361, Corollary 3.2].
Next we prove the following theorem.
Theorem 2. Let a > 0, b ≥ 0, such that a+ 2b ≤ 1. If Kν,c satisfies the inequality
ℜ

(zKν,c(z))′′
K ′ν,c(z)
− 2zK
′
ν,c(z)
Kν,c(z)

<
a+ b
(1+ a)(1− b) (z ∈ U), (2.15)
then Kν,c(z) is univalent in z ∈ U.
Proof. Define a functionw(z) by
z2K ′ν,c(z)
(Kν,c(z))2
= 1+ aw(z)
1− bw(z) (z ∈ U). (2.16)
Herew(z) is analytic in U andw(0) = 0. Differentiation of (2.16) gives
(zKν,c(z))′′
K ′ν,c(z)
− 2zK
′
ν,c(z)
Kν,c(z)
= (a+ b)zw
′(z)
(1+ aw(z))(1− bw(z)) = F5(z) (say). (2.17)
Now suppose that there exist z0 ∈ U such that
max
|z|<|z0|
|w(z)| = |w(z0)| = 1,
then from Lemma 1, we have (1.7). Now, lettingw(z0) = eiθ (θ ∈ [0, 2π ]), so that from (2.17), we have
ℜ{F5(z0)} = k(a+ b)ℜ

w(z0)
(1+ aw(z0))(1− bw(z0))

= kℜ

1
1− bw(z0) −
1
1+ aw(z0)

= kℜ

1− be−iθ
1+ b2 − 2b cos θ −
1+ ae−iθ
1+ a2 + 2a cos θ

= k

1
2+ b2−11−b cos θ
− 1
2+ a2−11+a cos θ

where θ ≠ cos−1(−1/a) and θ ≠ cos−1(1/b). A simple calculation under the constraints mentioned with the hypotheses
for the parameters a, b and k ≥ 1, leads to
ℜ{F5(z0)} > a+ b
(1+ a)(1− b) . (2.18)
This contradicts our condition (2.15), therefore |w(z)| < 1 holds true for all z ∈ U. Thus we conclude from (2.16) that z2K ′ν,c(z)(Kν,c(z))2 − 1
 =
 (a+ b)w(z)1− bw(z)

<
a+ b
1− b ≤ 1 (z ∈ U),
which in view of Lemma 2, shows that Kν,c(z) is univalent in U. This proves Theorem 2. 
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Theorem 3. Let M ≥ 1, β be a real number such that β ≥ 2M + 1 and α be a complex number which satisfies the inequality
|α| ≤ 1− 1
β
(2M + 1). (2.19)
If Kν,c is univalent in U and
|Kν,c(z)| ≤ M
for all z ∈ U, then the function
F(z) =

β
∫ z
0
tβ−1
Kν,c(t)
t
dt
 1
β
(2.20)
is univalent in U.
Proof. Define a function
h(z) =
∫ z
0
Kν,c(t)
t
dt,
then we have h(0) = h′(0)− 1 = 0. Also a simple computation yields
h′(z) = Kν,c(z)
z
and
zh′′(z)
h′(z)
= zK
′
ν,c(z)
Kν,c(z)
− 1. (2.21)
From (2.21), we have zh′′(z)h′(z)
 ≤  zK ′ν,c(z)Kν,c(z)
+ 1
=
 z2K ′ν,c(z)(Kν,c(z))2

Kν,c(z)z
+ 1, (2.22)
from the hypothesis, we have |Kν,c(z)| ≤ M (z ∈ U), then by the Schwarz Lemma (cf. [8]), we obtain that
|Kν,c(z)| ≤ M|z| (z ∈ U).
We apply this result in (2.22), and since Kν,c is univalent in U, we obtain zh′′(z)h′(z)
 ≤
 z2K ′ν,c(z)(Kν,c(z))2
M + 1
≤
 z2K ′ν,c(z)(Kν,c(z))2 − 1
M +M + 1
≤ 2M + 1. (2.23)
Again using (2.23), we haveα|z|2β + (1− |z|2β) zh′′(z)βh′(z)
 ≤ |α| + 1β
 zh′′(z)h′(z)

≤ |α| + 1
β
(2M + 1).
So, from (2.22), we haveα|z|2β + (1− |z|2β) zh′′(z)βh′(z)
 ≤ 1.
Applying Lemma 3, we obtain that function F(z) defined by (2.20) is univalent in U. 
Finally, by using (1.5) and Lemma 1, we prove the following theorem.
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Theorem 4. Let ν ≠ 1, 0,−1,−2, . . . suppose also that φ(r, s, t) ∈ Φ . If
(Kν,c(z), Kν−1,c(z), Kν−2,c(z)) ∈ D ⊂ C3 (2.24)
and φ(Kν,c(z), Kν−1,c(z), Kν−2,c(z)) < 1, (2.25)
then Kν,c(z) < 1, (z ∈ U).
Proof. Let
w(z) = Kν,c(z) (ν ∈ R; c ∈ C),
thenw(z) ≠ 0, z ∈ U. In view of (1.5), we thus obtain
Kν−1,c(z) = 1
ν

(ν − 1)w(z)+ zw′(z)
and
Kν−2,c(z) = 1
ν

(ν − 2)w(z)+ 2zw′(z)+ 1
ν − 1 z
2w′′(z)

.
Assume that z0 = r0eiθ (r0 < 1; θ ∈ R) and
|w(z0)| = max|z|≤r0 |w(z)| = 1
then writingw(z0) = eiθ and using Lemma 1, we have
Kν,c(z0) = w(z0) = eiθ ,
Kν−1,c(z0) = ν + k− 1
ν
w(z0) = ν + k− 1
ν
eiθ
and
Kν−2,c(z0) = 1
ν

(ν + 2k− 2)w(z0)+ 1
ν − 1 z
2
0w
′′(z0)

= (ν − 1)(ν + 2k− 2)e
iθ + L
ν(ν − 1)
where
L = z20w′′(z0) and k ≥ 1.
Furthermore, by applying (1.7), we see that
ℜ

z20w
′′(z0)
w′(z0)

= ℜ

z20w
′′(z0)
keiθ

≥ k− 1
or
ℜ(e−iθL) ≥ k(k− 1) (θ ∈ R; k ≥ 1).
Since φ(r, s, t) ∈ Φ , we also haveφ(Kν,c(z), Kν−1,c(z), Kν−2,c(z)) = φ eiθ , ν + k− 1ν eiθ , (ν − 1)(ν + 2k− 2)eiθ + Lν(ν − 1)
 > 1,
which contradicts the hypothesis (2.25) of Theorem 4. Therefore, |w(z)| < 1 holds true for all z ∈ U, thus
|w(z)| = |Kν,c(z)| < 1 (z ∈ U; ν ∈ R),
which completes the proof of Theorem 4. 
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Corollary 1. Let ν ≠ 1, 0,−1,−2, . . . . IfKν−1,c(z) < 1,
then Kν,c(z) < 1, (z ∈ U).
Proof. Let
φ(r, s, t) = φ1(r, s, t) = s.
It is obvious that φ1(r, s, t) ∈ Φ with D = C3. By iteration of Theorem 4 applied to φ1(r, s, t), we obtain the desired
result. 
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